This paper presents new results of stability for discrete systems with two additive time-delays. By using new Lyapunov function; new conditions are established for the asymptotic and or robust stability. The stability of systems with multiple additive delays is also studied. The results are expressed in terms of linear matrix inequalities. The conditions are shown, via two examples, to be much less conservative than some existing results.
Introduction
Time delay exists in many fields of engineering systems such as manufacturing systems, telecommunication, and chemical engineering systems. It is due to measurement, transmission and transport lags, which is a major source of instability and poor performance. Therefore, the problem of stability analysis of uncertain time-delay systems is important both in theory and in practice. Considerable attention has been devoted to this problem over the past years, and many research results have been reported in the literature [2, 1, 3, 4, 8, 10, 11] . The approach used to derive the stability condition of discrete time systems starts usually from the standard Lyapunov-Krasovskii functional. Generally, the most commonly used model of time delay systems is
Where ℎ is time-delay, which is often assumed to be either constant or time varying satisfying ℎ ≤ ℎ ≤ ℎ , and ( ) is an n-vector representing the state.
In most practical situations, this form of delay is too simple, and doesn't reflect its real form. In the networked control systems, signal transmitted from one point to another may experience a few segments of networks, which may induce successive delays with different properties. In this case, it is more appropriate to describe such systems with a model with multiple additive time delays. In [7] , the following new model for time-delay continuous systems is proposed:
For time-delay discrete systems, the model can be written as:
This model contains multiple delays in the state. The simplest case is when N=2. In this case, ℎ 1 is used to represent the delay from sensor to controller, and ℎ 2 is used to represent the delay from controller to actuator. The properties of these two delays may not be identical due to the network transmission conditions, that is why it is not reasonable to combine them together, and they are treated separately. In this paper we consider the simplest case with two delays, ℎ 1 and ℎ 2 , to make the idea more lucid and avoid complicated notations. The closed-loop system is given by:
Where ( ) is the initial state vector, ℎ 1 and ℎ 2 are constant and may take values in the following ranges:
We consider, in this paper, ℎ 1 = ℎ 2 = ℎ in order to avoid complicated notations. Both the asymptotic stability and robust stability are studied. Sufficient and delay dependence conditions are established in terms of LMIs. The approach is based on Lyapunov-Krasovskii functional. The two delays ℎ 1 and ℎ 2 are bounded and the uncertainties considered are unknown but norm bounded. The obtained results are extended to cover the general class of multiple additive time delays. Numerical examples are given for illustration and comparison with related literature references.
The following Lemma will be useful later Lemma [13] . Let U, V, W and M be real matrices of appropriate dimensions with M satisfying = . Then, + + < 0 for all ≤ , if and only if there exists a scalar > 0 such that
Main Results

A. Asymptotic Stability
In this section, we establish a delay dependent criterion that can be used to test if the considered system is stable. 
Proof. Let us choose the following Lyapunov-Krasovskii function candidate:
Where
The difference ∆ ( ) is given by:
and P = ( 
And inequality (2) we have:
Taking account of (12) - (16) we get
) and Ω is given by (4) It's clear that if (3) holds, then ∆ ( ) < 0 . The proof is completed Remark 1: Theorem 1 presents a new stability criterion for System (1) with two additive time-delays. It is worth noting that condition (3) is an LMI, which can be readily checked by using the standard numerical software. Remark 2: From the proof of Theorem1, we can see that to achieve delay dependence, no transformation is performed to the original system as in [7, 15] , and no need to employ bounding techniques for the cross product between two state vectors like [7] . This has the potential to yield less conservative results.
The result in the above Theorem can be improved as well as a generalization to the case with multiple additive delay. Consider now the system below:
Where ( ) is the initial state vector, ℎ 1 , ℎ 2 , … ℎ are constant and may take values in the following ranges: ℎ ≤ ℎ ≤ ℎ ̅ and 
Remark3:
The result obtained by Corollary1 can be extended to the general multiple-delay case (see [6] ), that is
Where ℎ < ℎ < ℎ ̅ ℎ = max ℎ ̅
B. The robust stability
Now, let us consider the following uncertain discrete-time system with two additive time-delays in the state variable ( ):
, -1 ∆ ( ) and ∆ ( ) are real matrices representing the perturbation, assumed to be non-bounded as in the following form
Where ( ) is a real matrix function representing the system uncertainties satisfying ( ) ( ) ≤ , 1 , 2 , 1 and 2 are known real constant matrices of appropriate dimensions. 
Where , i,j=1,2,3,4,5 are given by (4) Proof.
Let choose the same Lyapunov-Krasovskii function as given in (6) . Computing ∆ 1 ( ) along system (20) we obtain:
Where ξ( )and 1 are given in (11) and (13) We can write
It's clear that by the Schur complement (22) guarantees:
Therefore from (24) we have ∆ ( ) < 0, and the robust stability is established Remark 3: In deriving theorem 1 and theorem 2, we have taken the matrix P that contains free matrices, 2 , 3 , 4 , 5 , 6 and 7 . In contrast to the descriptor method used in [11] where the matrix P has the form = ( ) thus our result is more general since it posses more degrees of freedom. Moreover, in this paper, we are interested in systems with two additive time delays, but in [11] and [8] , only one delay h is considered. Theorem2 can also be extended to systems with multiple additive time delays whose dynamics can be described by:
Where ( 
Where , i,j=1,2,3,4,5 are given by (4) , 22 , 33 are given by (19).
Illustrative Examples
In this section, two numerical examples are provided to illustrate the proposed results. Example 1: consider the following discrete-time system with two additive time delays
The aim is to find the upper bound of ℎ = ℎ 1 ̅̅̅ + ℎ 2 ̅̅̅ . We set ℎ 1 ̅̅̅ = 2 and search the upper bound of ℎ 2 for different values of the lower bound ℎ . The results are illustrated in Table I . It can be seen from Table I that Theorem 1 of this paper yields larger upper bound of ℎ 2 than the results presented in [9] and [4] Example 2: consider the following uncertain discrete-time system with additive time delays
First, assume the time delays ℎ 1 ℎ 2 satisfy 2 ≤ ℎ 1 + ℎ 2 ≤ 5, and search the upper value of ̅ such as the above system is robustly stable. By using corollary 2 of [4] , the upper value of ̅ is 0.2405, while by using theorem 2 in this note, the upper value of ̅ is 0.2415 and by the result of [5] ̅ = 0.1615 . In addition to that, for ℎ 1 ℎ 2 satisfying 2 ≤ ℎ 1 + ℎ 2 ≤ 8. By using corollary 2 in [4] , the upper value of ̅ is 0.1667, while by using theorem 2 of our paper, the upper value of ̅ is 0.1928 which is much larger while the results of [5] are infeasible. A more detailed comparison is given in Table II , and we can see that the robust stability condition presented in this paper is less conservative than that in [4] and [5] . Now, assume that 0 ≤ ℎ 1 + ℎ 2 ≤ 14, the previous result in [5] and [4] are not feasible (TABLE III) , even for ̅ → 0 (the nominal system). By using theorem 1 in [11] the upper value of ̅ is 0.1417, while by theorem 2 of this paper ̅ = 0.1443. the results are summarized in Table III . This example shows that with our stability robustness criterion, we can check the stability of system while with the literature results, the test fails. [5] infeasible infeasible By [4] 0.0871 Infeasible (even for ̅=0) By [11] 0.1616 0.1417 By theorem 2 0.1632 0.1443
Conclusion
Sufficient conditions have been derived to guarantee asymptotic and robust stability of discrete systems with two additive time delays. The approach is based on a new Lyapunov-Krasovskii functional. The stability conditions are delay dependent and expressed in terms of LMIs. Delay dependent stability conditions are also established for systems with multiple additive time delays. Two numerical examples have been provided to show the advantage of the proposed stability condition.
